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I.INTRODUCTION

and jth particle pairs in the center of mass system

HE theory of three-body scattering in its general ~With coupling order m:

' case has obvious applications to ionic and chemi- WE = dIE — XY,
cal reactions; in spite of well-known difficulties it \ . -,
may even be possible to compute the rate constants nf = dulX" — (Mpsr + Mpy2)
for such simple cases as three-body elect.ron attach- X (M X™ + M ox™%)],
ment to hydrogen atoms. Such calculations can be .
approached via the standard method of collision = (_L + PL_) ,
cross sections, or alternatively, by means of an ap- dm
propriate representation of the scattering operator.!
Investigations of some aspects of three-body col-
lisions have been carried out by Delves’ and by )
Gallina and coworkers.’ The latter have obtained W Which

= pd,,,(p-m— _ _R__+_P_> , @)

the Gre?en’s ttunction for three-particle scattering in W = mumume/M (reduced mass),
three-dimensional space, but for S waves only.

Recent developments in the theory of generalized M =m + m; + my,
angular momentum repre§entations‘‘5 are admirably @ = (m/w)(1 — my/M). 3)

suited to the treatment of three-particle collisions. . . .
For the present we shall restrict our investigation 10 this representation the center-of-mass position
to motion in a plane, emphasizing developments X and momentum P are given by

which can be utilized in the extension of our treat- S me 4 S,
ment of the problem to three dimensions. X = kZ_; ux P = g p. @
Smith’s formalism*® for treating three-body ) )
collisions is expressed in terms of a generalized angu-  From the variables (2), one can form several inde-
lar momentum operator A, components of which pendent dynamical variables related to angular mo-
are given by mentum of which
2 _ 1 k1|2
A = Bl M N =3 30 Al (52)

Wh.ere m labels the order in which the ps%rticles are 3, = Z A2, (5b)
paired, e.g., 1 to 2, and 3 to the 1-2 pair, k¥ and [ i
are particle indices, and 7 and j denote the cartesian L = AL, (5¢)
components of the appropriate position (momentum) 2
vectors. The symbols & and .=’ represent the L, = A, (5d)
“normalized” position and momentum of the ith L =1L, + L, (5¢)

* This research was supported by the National Aeronautics
3nd Space Administratiogl and th}é National Science Foun- Y =L, - L, (5)

ation. .
'R T, Smith, J. Chem. Phys. 36, 250 (1962). are the most important; they become operators

(1926(1)‘)- M. Delves, Nucl. Phys. 9, 391 (1958-59); 20, 275 ypon making the appropriate quantum-mechanical

3V. Gallina, P. Nata, L. Bianchi, and G. Viano, Nuovo replacements, e.g., .m; — ¢k (8/9.£:). Since the
Cimento 24, 835 (1962). motion in the center-of-mass system embodies four

¢ F. T. Smith, Phys. Rev. 120, 1058 (1960). S
¢ F. T. Smith, J. Math. Phys. 3, 735((1962). degrees of freedom, a full description of the assembly
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THREE-PARTICLE. SCATTERING I. PLANAR CASE 623

of particles must contain four and only four inde-
pendent dynamical variables (exclusive of those
associated with internal structure), one of which is
conveniently taken as the kinetic energy K. Three
useful choices of the other three are (A) A?, L and
Z,, (B) A’, L and Y, and equivalently (C) A% L,

- and L,. With the aid of raising and lowering operators

for the appropriate dynamical variables, Smith® has
constructed specific ‘Fepresentations of the unitary
transformations connecting representations (A) and
(B); representations (B) and (C) differ only by a
phase factor. The elements of the transformation are
identical with the b coefficients contained in expres-
sions (29) and (30) of reference 5. Representation
(A) has been appropriately termed symmetric be-
cause all three particles are treated on a completely
equal footing. On the other hand, representations
(B) and (C) depend upon the order in which the
particles are paired; hence they are not treated on
an equal basis and we call them asymmetric. This
can also be stated in terms of transformation proper-
ties under a change in the pairing order; this in-
volves an orthogonal transformation of the ¢’s and
7’s, called by Smith a kinematic rotation. Repre-
sentation (A) Is invariant under such a transforma-
tion while (B) and (C) are not.

One can attach the following physical significance
to the dynamical variables L, L,, L,, A*, and Z..
That of L, L,, and L, is immediately apparent: they
are respectively the total ordinary angular momen-
tum, the ordinary angular momentum of particles
1 and 2 about their center of mass, and the ordinary
angular momentum of particle 3 about the center
of mass of particles 1 and 2. Actually we should
add a prefix to L; and L, to denote the order of
pairing of the particles, e.g., ,L;. Smith* has related
(classically) A® to the kinetic energy K in the center-

of-mass system and a three-body ‘‘impact parameter
R by the equation

= 2uKR?, (6)

where R is defined as the minimum value of p =
(D (£ on a straight-line trajectory. Hence
A? is a measure of the tendency of the three particles
to simultaneously pass through a given region. We
now raise the question, how closely for a given value
of B does the system approach the situation in
which the particles are equidistant at the instant
of time when p = R? In other words, when would
X' — x*| = |¥ — x| = |x* — x'|? This question
can best be answered if we first go to the one-
dimensional case in which Z, and K are the only
dynamical variables. The particles ap roach most

%ELH. Wﬁ‘

closely when Z, is a minimum and coincide at some
instant of time if Z, = 0. This interpretation of Z,
can be readily carried over to the planar case; for
a given value of A” the particles approach a three-
body collision most closely for =, = 0 and progres-
sively less closely as 2, increases. Obviously, if
A? = 0, we must have T, = 0.

As Smith has demonstrated, the classical argu-
ment can readily be carried over into the quantum
domain. When the eigenvalue of the square of the
generalized angular momentum A’ vanishes the
particles are coincident at some instant of time and
the eigenvalue of Z,, ¢, must also vanish; this is
indeed a consequence of the properties of A. One
can, of course, also characterize the ‘three-body
closeness of approach” by A®, L,, and L., but this
description suffers from its asymmetry. It is ap-
parent from the foregoing that for a short-range
interaction potential, the three particles will have
the greatest probability of undergoing a true ‘“three-
body”’ collision when the quantum numbers A and ¢
(which partially characterize the system) are small.

Although the most appropriate representation for
treating 3-body scattering is the symmetric one with
wavefunctions denoted® by (KALZ, | p ;0, ;®, o),
the coordinates p, ;0, ;®, and ¢ are related to
the ‘“‘normalized” center-of-mass system cartesian
coordinates £, & by intractable bilinear forms.
Instead we shall employ the asymmetric representa-
tion with wavefunctions (KALY | px¢.¢-), or rather
its equivalent (KAL,L, | px¢1¢:), returning to the
set (K, A, LZ,) later. The transformation equations
connecting (£', &) and (p, x, ¢1, ¢2) are

E: = p COS X COS ¢, fé = p cos x sin &1, (7)
£ = psin xsin ¢,,

in which p* = Y., ;o (8%

The Schrodinger equation describing the motion
of the three particles can be written in terms of the
variables £, and & or alternatively in terms of the
coordinates (p, x, ¢1, ¢2). The former set yields plane-
wave solutions

(=8) = [1/(2r)*] exp (i=-¥), ®)

in which we have chosen our units such that # = 1
and the normalization is one particle per unit volume.
The scalar product =& = ='-¥ + =*-& can be
expressed in terms of the angular coordinates as
follows:

£ = psin x cos ¢,,

=¥ = kplcos x cos % cos (¢, — &)

+ﬁsin x sin x cos (¢ — ¢.], 9)
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where £ = |=| and p = ||; the barred angles fix
the direction of = and the unbarred angles that of &.
One cannot perform a coordinate rotation to a
system in which x = 0 or x = 0; hence all angles
must be retained in the computations.

If we are dealing with a “central”’ potential, i.e.,
one in which V is a function of |£| only, or one
which is “almost”’ central, the coordinate systems
(pxd19p:) or pB¢pd) are appropriate. The solutions
of the corresponding Schréodinger equations outside
the range of the potential are’

<K)\L1L2|PX¢1¢2> = (l/kP)Jx+1(kp)§xm,m,(x¢1¢z)7 (10a)
(KALZ,|pB¢®) = (1/kp)Jrs1(kp)9rm,.(Bp®),  (10b)

where Jy..(kp) is the Bessel funection of the first
kind of order A + 1, k is the magnitude of the
momentum (k* = 2uK), and

A Grmims = AA F 2)Gamimss (11a)
Ly srmims = M 2Grmimas (11b)
ANrme = AA + 2)9rmse, (11¢)
LIrnee = MyFrmo, (11d)
Z9mic = 0Irmia- (11e)

g)\m. mn(Xd)ld’Z) a‘nd g)\m+v(®¢q)) are giVen by
Frmum(xtiha) = {200 D 2m)e ™ @ E gm0
X AGN = my + m)]! GO+ my — my)]!

X 3 — my — m)I! B + my + m)]} (122)
Y \=mi1—mj)
X };0 (=" {«! (m, + ®)!
X [ — m, + my) — «]!
X [%()\ - m; — mz) - K]!}_l
X sin)\—m‘—h x coén,+2x X
Samee@p®) = {[2(\ + D)}/2r} D -4
(2¢, 7 — 20, —2d). (12b)

The functions D, appearing in (12b) are the ele-
ments of the Wigner representation of the three-
dimensional rotation group.®

In the following section we shall compute the free-
particle Green’s function, after which the elastic and
inclastic three-particle scattering amplitude and
collision cross section will be treated. In the final
section we shall extend our development to the case
of identical particles.

s E. P. Wigner, Group Theory and its Application to the

Quantum Mechanics of Atomic Spectra (Academic Press Inc.,
New York, 1959).

R. C. WHITTEN

2. FREE-PARTICLE GREEN’S FUNCTION

In developing the dynamics of a three-body col-
lision it is convenient to employ the integral equation
methods of Lippmann and Schwinger.”*"* In this
scheme the state vector |0) of the system is related
to the incoming state veector {7) by the equation

0) = i) + G(E)V [0), (13)

where V is the interaction potential and G*’(E,)
is the free-particle Green’s function given in opera-
tor form by

GV (E,) = lim (B, — K + ie™".

«e—=+0

(14)

In Eq. (14) K is the free-particle Hamiltonian opera-
tor and e is an adiabatic switching parameter intro-
duced in order to avoid transients in the time
dependence of the state function during the scatter-
ing process; it has the significance of feeding in the
incident wave over a period of time rather than re-
leasing it suddenly.® The positive sign adjacent to
¢in (14) ensures outgoing scattered waves. In position
coordinate representation we have

@) = &l + [ 68 evENE . (5)

where

G &) = [ (elmmle ™ (E) )l dn

- lim 2% [ &xp =~ (& — &)]

Im o3 ) 12 = 1 oF 2ige 9= B = I=], (16)

using the linear momentum representation of the
operator G5"; the symbol 4 represents the reduced
mass and the integral is taken over all momentum
space =. The scalar products =-¥ are now expressed
in terms of the hyperpolar coordinates (x, ¢, ¢2)
as in Eq. (9). After carrying out the integration over
the azimuthal angles ¢,, ¢,, we obtain

(+) N — 15 2p
Gko (E; E) - }H?O (271')4

. f‘” f%* Jolkr, cos x)Jo(kr, sin x)
o Jo K — k% + 2iue

X 1 sin 2y dxk® dk, (17

(197_33). A. Lippmann and J. Schwinger, Phys. Rev. 79, 469
50).

8 M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91,
398 (1953).

° G. Gioumousis and C. F. Curtis, J. Chem. Phys. 29,
996 (1958).
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where

f

rno= [t cos’ x + £ cos’ x
— 28’ cos x cos X cos ($, — )]},

x + &% sin” %

r, = [£ sin®
— 28 sin x sin x cos (. — ;’2)]%y

and the directions of & and & are specified by the

sets of angles (xd:d:) and (xéips), respectively.
Using a theorem due to Sonine,"” one can im-

mediately integrate over x, obtaining the result

J (k)

(+) AN 2
Gko (Ey f) - E{?o (2 ) r f ko ]u + 2% e k= dk
_ lim 2612 kd okr)__ }
= lim 55, Gr[ Eok+ o] U9

in which r = (> + 72! The integral in (18) which
we shall call 7 can be evaluated by constructing a
contour of integration in the complex plane such
that outgoing waves are guaranteed. To do this,
one first expresses J,(kr) as a sum of Hankel func-
tions of the first and sceond kinds;

Jo0 = 3[H () + Hs” ()], (19)
thus recasting the integral I in the form
L _H (kN dis
I= }l’i’ozf K2 — &+ 2ipe
. _HP(kn)k dk
1 f 0 20
i B 2 O

The first integral I, in (20) is evaluated by means of
Cauchy’s integral formula and the appropriate con-
tour of integration shown in Fig. 1(a).

_HVGn)

}1’?0[ f Py

f __H(n)
2 ki — k2= k® + Ziue —+ 2¢ue

HP (kr) }
2[ k2 kz-l—zmekdk
= 27t Res (k). (21)

The second integral in (21) vanishes because H" (Z)
approaches zero in the limit |Z| approaches infinity.
Using the contour of integration shown in Fig. 1(b),
the second integral I, in (20) is computed in a similar
manner. Substituting the solutions of I, and I. into

kdk

10 G, N. Watson, A Treatise on the Theory of Bessel Func-
tiogs (Cambridge University Press, London, 1952), 2nd Ed.,
p. 376
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{a} (b)

Fic. 1. Contours of integration for integrals [, and I.
[Eq. (20)1.
(18), we obtain
I Nk w 929
(& &) = & T HP (), (22)
or, asymptotically for large &,
- koo™t .
G(+) , "N — in/4 # —me a, 23
where
a = cosx cosx’ cos (¢, — o)
~+ sin x sin x’ cos (¢. — ¢3). (249)

In addition to expressing Eq. (15) in the linear
momentum representation we can also cast it in
terms of generalized angular momentum eigen-
functions

(§|KAmym,) or (E[Kim.o);
GOE, &) = 2 (ElKamymy)

Amima

X (Kxmym, |GL) | K)\mlmz)(K)\m,mzlf’)

h-nlo 2# )‘Z (g)\m.m (E)g)\m,m,(g’)
an(ks)an(kfl)
Xf K — &+ 2 *

= 7l Z 5xm,m,(5)<ﬂxm,m,(g,)

ml"ln

X g HOAEDted);  €> ¢, (25)
and
G5 &) = 2 (ElKMm.o)
X (Kamyo |Gy’ | Kam, oXEAm,o|E')
= wui MZ& Iamsa(£)IFmsa(E)
X o kD aalkd);  £> 8. (26)

&

It is interesting to note that the Green’s function
of N free particles moving in a plane can be derived
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with the aid of a suitable generalization of the above
method. The asymptotic form

GV (E, E)n
e—i(h}ty’)w k\ 5/2
= kg — 27
oo T e~ g P =D @D

is derived in Appendix A. The vectors £ and = are
generalizations of Eq. (2) to N bodies:

N
> F
b
i=]
N-1
1
E x .
=]

3. THREE-PARTICLE ELASTIC SCATTERING

¥ =

-~ =

Having derived the Green’s function we are now
in a position to investigate three-particle scattering
dynamics.

Asymptotically the wavefunction of the system
takes the form

—-i{x ki [
V() ~ () + 7 ae “
where f(#;, #,) is the three-body scattering amplitude
given by

fi#, #) = o f f:' f f:'e-'“'"v<s'x'¢:¢;>,

X ¥, (X dib)3 sin 2" dx’ doi deig” dg’.  (29)

The symbol « has the same significance as in (24)
and #; and #, represent the directions of the in-
coming and scattered three-particle momenta, re-
spectively. Alternatively, the scattering amplitude
ean be expanded, with the aid of (25), in a series
of generalized angular momentum eigenfunctions

f(ﬁ': H 7?'0) ’ (28)

f#, ) = @ L 3 (=1 G ()
x [l g @V ar. @0

For many purposes it is more useful to express the

f(f'o; 71\'-') =

[ [ v®U® exp Gno® dz][ [ e (—ime ) UEIWE) dz']

R. C. WHITTEN

scattering amplitude in the generalized angular
momentum representations (Am,m,) or (A\m, o) rather
than as an explicit function of the coordinates
(x$1¢2) or (B¢pd). The transformation coefficients
are just the generalized angular momentum eigen-
functions

[(x12; x'b1%)
= )‘Z éjikm.mz(x¢l¢2)ﬂn)\1’m":m-m-’g)\’ml’m-'(X’d’{(b;)y
(31)

A mtma’
[©¢®; ©'¢' ')
= E g)\M+0(®¢q))fm+M+ L g)\’M+’v'(®/¢/¢/)'

)\m+a
Nm'a’

(32)

Inverting the expansions (31) and (32) and employ—
ing (30), we obtain, for f2* and

mym,’ ;mgms’ m+m+ o0’y

. aa(kE
:\n)‘,m":mNn:’ = (27")i%(—1))‘ f J)‘—EE_S—)g;\kmlm-

X EVV(E ) ¥rr o mi (8 dE
= .f'n+rn+ ime—m— eﬁy (33)

Mimiieer = (@O E (=1

x [ J“‘(ks Lt ) VE o ()

(34)
where B8 is merely a phase angle. The scattering
amplitude is easily transformed from one gener-
alized angular momentum representation to the other
by means of the unitary transformation

Z bx(m—; ‘7‘)

m—m-"*

AN _
7m+m+’¢a' -

X f1n+rn+ im—m_.’ bk’(m,—) 0’)' (35)

A variational method for computing the scattering
amplitude corresponding to the two-partiele collision
process has been developed by Schwinger.'* This
procedure can be suitably adapted to the three-
particle case by expressing the scattering amplitude
as

[xb*(E)U(E)tl/(E) dg —

where B = |§ — ¥} and U(¥) = ¢V (¥). Variation of
f with respect to ¥* then yields Eq. (29). The utility
of this principle lies in computing wavefunctions ¢
which make the scattering amplitude on extremum,

k_}e—-if/d ff eikR
T R?

(2m)?

; (36)

UE)y(y) ag’ df:l

and therefore presumably give a best fit to it. In
practice this is carried out by writing the wave-

1 1. R. Bates, Quantum Theory I. Elements (Academic
Press Inc., New York, 1961), p. 350.
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function of the system as a function of various
parameters, e.g.,

Yy = ‘Z ad;. (37)

Variation of f with respect to the expansion param-
eters «a; results in the set of simultaneous equations

8f/da; = 0, (38)

which are then solved for «.. This procedure, of
course, yields only an upper or lower bound to the
magnitude of the scattering amplitude depending
upon whether the potential is repulsive or attractive;
the “goodness” of the approximation depends upon
an adroit choice of the basis (¢;). It is hoped that
this approach can be exploited in the eventual treat-
ment of actual three-body problems.

In two-particle scattering, the differential scatter-
ing cross section o(6, ¢) is related to the scattering
amplitude by the equality

6(0: §0) = !f(0: ‘P)[zx (39)

where (8, ¢) fix the orientation of the outgoing with
respect to the incoming momentum. Derivation of
the three-particle analogue of (39) can be ap-
proached in two ways which, of course, must yield
the same result. The first one is based on the ele-
mentary definition of cross section

[ousl/lisal1E° d 2, (40)

where j;, and j... are the probability current densi-
ties of the incoming and outgoing particles, respec-
tively, and £ dQ is an element of “surface area” of
a large hypersphere the center of which is coincident
with the center of scattering. The probability cur-
rent densities are given by

jout (1/2/“‘)[\1/ V‘bsc (th/ )‘psc]} (413‘)
= (1/2iw)[¢%4Veé: — (VeHei], (41b)

where ., and ¢; are the scattered and incident wave-
functions, respectively and p is the reduced mass.
The normalized wavefunctions ¢; and ¢.. are

¢:(5) = [1/(27)°] exp (i=-¥), (42a)

‘psc(z) = (k%/s%)e_irueikef('frm 7?-1')) (42b)

from which we obtain, with the aid of (41) and (40),
U(ﬂ'o: =) =k If(fro, ﬁf)lz- (43)

The cross section ¢ has the dimensions of length
cubed since f(#,, #;) can be shown to have dimen-
sions of length squared.

We make the second approach via the appropriate
matrix element of the transition rate amplitude

‘7(750; ‘M)

R, .. corresponding to the collision process
@r/Vo)p(E) R, il (44)

where V, is the velocity of the incoming particles
given by V, = k/u, and p(E) is the number of final
states per unit energy:

K dk k-
@ dE 7% = (20
The matrix element in question is (0 |V| ) which
can be recast in the more useful form®

R e = lim —ielm|=.), (46)

e—+0

0'(7‘0, "'i) =

p(E) = 7oy 4. (45)

or, explicitly in terms of (42),

Rﬂm=qgg—m/m[hﬁhﬁhapemm

[eXp (I ) + A (Y .-)]53 d¢ dQ,
(47)

in which the factor e~ is introduced because of
the requirement that we replace the energy E by
E + 7¢ when we move into the first quadrant of the
complex plane. The term containing exp [i(x; —=o) - €]
contributes a delta function which is of no interest
since it indicates mo scattering. In order to carry
out the second integration, one must expand the
plane wave (momentum eigenfunction) exp (—i=,-§)
in a series of generalized angular momentum eigen-
functions Jam,m, (see Appendix B). Making this sub-
stitution in (39), and changing the lower limit of
the £ integration to some large but finite value r,
we obtain

R. . = lim (—7e¢ Z @emn)*(—)*

€~ +0 Amima

xf f*' f“ 2 Jml(ké)e'“

xemm-wwmmwwrw
X élxm,m,(x'¢1¢2)f(x¢1¢2; X'¢1¢2)
X & dEsinx’ cos x’ dx’ deie}. (48)

The artifice of assuming a large finite value for the
lower limit of the integral over £ is quite legitimate;
the integral 3 can be split into a sum [Z + [}
wherein the second integral [; is finite and there-
fore yields no contribution to R ., . in the limit e
approaches +0. Since the value of £ is large in the
region of integration, the Bessel function Jy.,(k¢)
can be replaced by its asymptotic form. With the
aid of (31) we obtain

Rae ni = [@m)/uli(ho, ). (49)

enl/k
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Finally one again arrives at the relation between the
scattering amplitude and cross section when the
form of R ,,, ., given by (49) is substituted into (44).

U(‘”o"i) =k lf(ﬁ'o; 7A"6)|2; (43)

wherein f(#,, #;) can be represented in (x¢92),
(x¢-¢+) orin (;0, ;®, ¢) coordinates.

4. PARTIAL-WAVE ANALYSIS

One of the most useful methods of analyzing low-
energy two-body scattering 1s the expansion of the
scattering amplitude in ‘“‘partial waves” each of
which is associated with a definite orbital angular
momentum. The simplest case is that of a “central”’
short-range potential, i.e., V = V{(|§|). Although of
very great importance in two-particle scattering,
this appears at first glance to be a very unphysical
interaction when one extends it to the three-particle
case. Nevertheless, consideration of the connection
between |£| and the moment of inertia of the three
particles about an axis through the center of mass
and perpendicular to the plane of the particles, ie.,
I = ut® where p is the reduced mass and I is the
moment of inertia, shows that it is reasonable, at
least to first approximation. If the particles must
simultaneously be within a certain distance of each
other for the potential to act, the moment of inertia
I must be less than some value I,. A “square well”
potential would then have the form

VOED = Vo, (To/w) < £
= 0 (Io/w) > &. (50)

If (50) does represent the interaction potential,
the solution to the wave equation can be separated
into radial and angular parts; the general solution
is of the form

Val® = T A, 2D g1 6 )0mn®, G1)

Amaim,

where R,(k£) approaches
(1/k)* sin [k — 1@\ + D + m]

asymptotically; the n, are the three-body A-dependent
scattering phase shifts. Now the wavefunction of the
system, ¥, (%), can also be expressed as a function
of the scattering amplitude (28). In addition, the
asymptotic form of (51) can be separated into a
part containing the common factor ¢*** and another
part containing the common factor e **%: After the

G5V (8, ¥) = lim =iy

E = VIR(ISL)TUDRLU)SUNTR()

expansion of ¢,(£) in generalized angular momentum
eigenfunctions (see Appendix B), we can equate the
coefficients of ¢** and ¢ *** appearing in the two
forms of ¥ .,(¥) and solve for Axm,m,:

A)\m‘m’ — (27\')2(1.))\6““7 (52)
and
(fr()) 7?)
(?L:?' Z (@2“”‘ —_ l)g:\kﬁi‘;‘,in\7?6)(5‘)\"41”52(7?5‘). (53)
Amym,

By comparing (53) with (31) and (33) it becomes
evident that

AN (27F) ( 2in\

mimy’ mama’
ik’

= 1) & Syt Omama

= ' = fotvmereor (54)

More complicated cases involving ‘‘noncentral’”’ po-
tentials will result in more complicated expressions
for £} ..+ mam.r OF alternatively f2% ., . which have
off-diagonal terms and involve phase shifts labeled
by m, and m.(m, and o). A general treatment of
such potential functions, an example of which is
V(® = Vo(lED + of'-£);
© + ot < @&
=0; @ +af¥> &), (55)

will be deferred for a future paper.
INELASTIC SCATTERING

Inelastic scattering is possible if one or more of
the particles has internal structure or two of the
particles can combine. Typical examples of the latter
are three-body attachment of electrons to neutral
atoms, three-body electron-ion recombination, and
formation of diatomic molecules by means of three-
body atomic collisions. The case in which the
number of free-particles is conserved will be con-
sidered first.

If the three particles all have internal structure,
the free-particle wavefunctions are of the form

= [1/(2n)"1R.n(0) Sa(0) T(7)
X exp [ilzy & + = E),  (56)

where R,.(p), S.(¢), and T',(7) represent the internal
structures of the particles. The Green’s function
(14) of the three-body interaction then takes the form

fexp TRy
€40 (2 )4 2N

=B, — Iy — B, — E, + i T (57)
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If we now make the substitution
120k = E — Ex — E, — E,, (58)

and carry out the integrations indieated in (57) using
the methods of Sec. 2, we obtain

. ; iﬂkuv)\Hl(“(kuv)\ l‘f - 'E,[)
+ R N B AN 't 4
Gg (fpa"r,{po'r)—— 4WIE_E,|

X R,(0)S()T\(DRUp")S3HTX(7')  (59)
for the Green’s function, and thus,
Y& p,o,7) = (& p,0,7)
+ [ 68, por, B )V, oo’ )
X W¥, o, o, ') d¥ dp’ do’ dr’ (60)

for the wavefunction of the system. As in Eq. (56),
the wavefunction ¢(§, p, o, 7) is separable and can
in general be written

WE p,o, 1) = Z; Vin(OR(0)S.()TN(7),  (61)

which allows the ‘“external”’ wavefunction to be
expressed as

¢/nvk(£) = ¢u”v”)‘”(£)8un"',,u.)‘)‘,,
+ ,,E)‘,, f G(»;;(f, El)<l£l’)\ IV(E’)I [-L’V’)\’)

X Y, (¥) d¥, (62)
where
(wh [V(E)] w2
= [ROSEITEVE, o, o, )
X R (o")S:(a")T%(+") dp’ do’ d7’. (63)

Taking the asymptotic form of G$ [Eq. (23)], we
obtain for (63)

‘pz‘uv)\(f) = ¢u"r’ ’X"(E) ‘sup’ fLpptt AN

+ [e_"/4kzv)\eik“,)‘/(27r);£%]f('ﬁ';v)\! frg"i”)«”)' (64)
The scattering amplitude is then given by
f(ﬁ:v)\) 'frg’v’)\’) = (E:—);f eXp (_ikukala)
X (N [VEN WV N )ei ey (8) dE. (65)

If two of the particles, which we shall assume to be
structureless, are bound together in the final state,
we have a situation in which |=,| is imaginary, or
equivalently
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X = 37 + ita,

where « is real. The Green's function of system then
takes the form

N — 13 _2_‘/’_
GE’(E) f) - }.1}?0 (27&')2

x ¥ [ Ol S B, ) dn,
- lim 2 3 6.(6)84E)

% f exp (ik cosh a, [E; — E5| cos ¢)
K — K + 2iue

= [2u/(27)"] ;qﬁn(fl)ﬂ({{)%(ri)

k dk d¢,

X Hy"(k cosh e, |& — &), (66)

where ¢,(%,) are the energy eigenfunctions of the
bound (12) pair. Because the energy spectrum of
this pair is discrete, the ‘“‘angles” «, can assume
certain allowed values only, which are related to the
internal energy of the pair E,, by the equality

E?, = —(1/2uk’ sinh? o, (67)

(+)

In the asymptotic region, G3'’, takes the form
ix/4
GE(E, B) = (Gor )83
exp (ik, |& — &)
R A

where k, = k cosh «,. Using Eqgs. (15) and (68)
one can immediately write down the wavefunction
of the system:

X (68)

_ eir/Aeik- 0 ai
¢si(§) - "Z W d’n({l)f(ﬂ-m w ): (69)
where
f@n, #) = o
X [ exp (—im BIRE V@Y dE  (70)

is the three-body scattering amplitude corresponding
to the rearrangement process. This treatment can
be readily generalized to the case of particles with
internal structure.

Computation of the inelastic cross section in
terms of the scattering amplitude (65), by the
methods of Sec. 4, yields

T me, mari®’ =) = (k7/k0) |1, #00F, (71
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where £, represents the momentum of the incident
particles, and »n' and n represent the quantum
numbers of the internal states of the three incident
particles before and after scattering, respectively.

The cross section for scattering into a given exit
channel can also be expressed in terms of the three-
particle scattering matrix which connects that exit
channel with the entrance channel. Normalizing the
wavefunction of the system to unit flux in the
entrance channel we can write the hyperradial
part as™

R,,(® = <%7ig> T

the angular part as
F (%1825 x:1$2)
= G, mayrmay BB Gry 1y may - (XP102)

in the (A\m;m,) representation, and the internal part
as I(p, o, 1), where p, o, and 7 are the internal co-
ordinates of the three particles. The total flux in
the outgoing channel is obtained by squaring the
modulus of the complete wavefunction RFI and
integrating over the hypersolid angles & and the
internal coordinates of the particles:

flux out = [ 1R, @F |Fy (s x|

X |[I(paD)|* dQ dw, £ dp do dr
= (.27"./k)a !577' - 877’!2: (73)

where v, . is the hypervelocity of the particles in the
exit channel 4’. Using the definition of cross section
(40) and the fact that the entrance flux is unity,
the cross section for exit channel 4’ can be expressed
as

oly =) = @u/k) |8y — Sypel* (74)

For the case of scattering by a ‘“central”’ potential
(Sec. 4) the phase shifts g, can be related to the
diagonal elements of the scattering matrix by the
familiar relation

S)\)\ = 62“’)\, (75)
where 7, is in general a complex quantity, the real
12 See, for example, J. M. Blatt and V. F. Weisskopf,

Theoretical Nuclear Physics (John Wiley & Sons, Inc., New
York, 1952), p. 519.

part of which is associated with elastic scattering
and the imaginary part with inelastic scattering.
6. IDENTICAL PARTICLES

In the foregoing treatment of three-particle scat-
tering we have considered distinguishable particles
only. If we are to extend the case to indistinguishable
particles (fermions or bosons), the wavefunctions
must be properly symmetrized:

¥ = (6)7* ; Co®
X {exp [i(p'-x' + p-x° + p-x)]}, (76)

where p‘ and x° are the momentum and position of
particle 1 in the laboratory system, @ is the particle
permutation operator and (¢ is described by

¢ = 1 bosons,
$o =

—1 for an odd number of permutations .
. fermions.
+1 for an even number of permutations

If we transform to the £ — = coordinate system of
Eq. (7), (73) then takes the form

¥ = exp (P-X)(6) *{exp [i(z'- &' + ="+ &)]
+ 7 exp [filx' - — -
— V3xE — V38
+ nexp @& — = E
+ V3aE + V3EaE)]
+ 7 exp [i((~='"+E + ="+ )]
+ exp Bi(—='- 8 — 2" ¢
+ V3axE — V32 )
+ exp [§i(—="-& — ="+ E
- V3= E+ V38, @)

where P is the momentum and X the position of
the center of mass of the three partieles; n = —1
for fermions and +1 for bosons. One can now com-
pute the free-particle Green’s function just as in
Sec. 3, obtaining 6 terms instead of one:

(+) "o 7;/-_‘@
GV &) = 7
1<1> A H(l) I ;1)
x[H (k) | HGkry) | HY(kr)
ry T2 T3

an”(kn) L H Gy Hi“(kra)] ,

Ty Ts r

+ (78)
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where the r; are related to £ and & as follows:
=8+ -2y + 88,
R S T A X
— VB - V3,

=P+ -y -

+ VB - Vg,
ri=E 4 ¢ =288 + ¥-89,
rs=& + ¥ — (—g.¥ - g

+ V3 — VB gy,
re=&+ ¢ — (£ - g7

— V3E+ VBE.

Computation of the scattering amplitude for the
system leads to

2
T2

6
f(iéld_)?) X¢1¢2) = ; n(i)fm(id'n&z, X¢1¢2); (79)

in which o = +1for¢ = 1, 5, and 6; '’ = —1
for7 = 2, 3, and 4 in the case of fermions; ‘"’ = 1
for bosons. The different component scattering
amplitudes f’ are of the same form as (29) with
the coefficient « of the product k¢ which appears
in the exponential factor e ***'® assuming the
values «;.

i)

a; = CcoSx CoS% cos (¢ — &)
+ sin x sin % cos (@, — &),
@, = 1 cosx cosx cos (¢ — &)
— Lsin x sin g cos (¢ — &)
~ 14/3 cos x sin g cos (¢ — ?3)

— 1v/3sin x cos x cos (¢ — &),

a; = L cosx cosx cos (¢, — &)
— 4sin x sin x cos (¢, — &)
+ V'3 cos x sin % cos (¢, — &)
+ %\/5 sin x cos x cos (¢ — &1),
a; = —Cos x cos ¥ cos (¢, — &)
+ sin x sin % cos (¢ — &.),
a; = —% cosy cos x cos (¢, — &)

— 3 sin x sin g cos (¢ — &)

+ £/3 cos x sin g cos (¢ — &)

— 13 sin x cos g cos (¢ — &),
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Fia. 2. Coupling of N par-
ticles with the aid of the
coordinate system given in
(A1); a denotes the center of
mass of particles 1 and 2,
b that of particles 1, 2, and 3.
++- , n that of particles 1
toN — 1.

o = —7% cosx cos g cos (¢ — é1)

— 1sin x sin ¥ cos (¢, — &)
— 14/3 cos x sin x cos (¢ — &)
+ 14/3sin x cos g cos (¢ — &), (80)

corresponding to the various f*’. The relation be-
tween the cross section and the scattering amplitude
(43) can easily be shown to be correct if we define f
by Eq. (79).

If only two of the particles are identical, expres-
sion (80) contains only 2 terms in the right-hand
member and these are characterized by

@ = COSx COS X COS (¢ — &1)
=+ sin x sin % cos (¢ — &),
ap = —COS X COS % COS (¢ — &)

=+ sin x sin ¥ cos (¢ — &2),  (81)
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APPENDIX A. N-BODY SCATTERING IN A PLANE

The free-particle Green’s function obtained for
three bodies in Sec. 3 can easily be generalized to N
bodies by using a (normalized) coordinate system
corresponding to the coupling scheme shown in
Fig. 2.

The coordinate system is a simple extension of
Smith’s asymmetric one [Eq. (7)]:

£ = p COSXy_z COS Xy—3 " COS X1 €OS ¢y,

£ = pCoSXy—2 - cos x; sin ¢y,

&£ = pCcosxy_q - sin x, COS ¢,

& = pCOSXy_2 - sin x, sin ¢s,

£ = pcosxys - sin x» COS ¢,

£ = pcosxy-2 - sin x, sin ¢;,

. (AD
5{\/-1 = psin xy-2 €OS b1,

feN_l = psin xy_;sin ¢y_y,
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where
N_ 1 s .
= Z () + &7,
and

0 <x: <4,

The N-body plane wavefunctions in the center of
mass of the assembly are of the form

0S¢,~S21r.

¥:(® = [1/@0)"]

X exp [i=' & + -8+ o= T (A2
and the Green’s function is accordingly generalized to

2

(*) 7 = l M

(& E) im ) o
exp [i Z_‘; n' e (F — i")]

X f koo — k° + 2iue dm,  (A3)

where
N-1 )
= 2 I=
i=]

Introduecing the coordinate system (Al) and inte-
grating over the “azimuthal”’ angles ¢,, we obtain

" 2u
) }—H»O (2 )(N 1)

Gi(E &
ir Ir aw H Jo<ka sin x,_
=1
<[

X 8ln x; oS x; - -

N-2
H COS X,-)

i=1

— &° 4 2ue

Sin xy_2

X 08"V 7% Xz dxy v dxn—okN 0 dE, (A4)

where é
= (€] + ¢ — 2¢-¢)}
and x, = i7.
The integration over the magnitude of the mo-
mentum is carried out as in Sec. 2 and

GUE E) = & ((z l)l z
x (e 2V "HOG, @y
where
6= 3@ =gl

Asymptotically, this takes the form

R. C. WHITTEN

(+) (§7/4) (1 +2N) MkN—s/z ke
+ —(i7 +
G(E &) ~e PR
and the wavefunction of the system can then be
expressed as

(A6)

ix(5/4—3N)

w(©® = o(H + e

where f(#,, #.:), the scattering amplitude, is written

K% (o, 2),  (AD)

A ” _ M —iké’a 7 ) ’
o2 = Gl [ U V@VL@ aE, (9)
and
o= isin X; 8in x} €08 {($;1 — i)

N-2
X [ II cos x. cos x,’,:l- (A9)
k=j+1

Using the N-body analogue of (40), the cross section
for N particles is related to the scattering ampli-
tude by

ok, ko) = (K*"*/ko) |f(Fs, #)".
APPENDIX B. PLANE WAVE EXPANSION

(A10)

In Sec. 3, the expansion of the three-particle plane
wave exp (i=-%) in radial and momentum Cgm-
functions proved to be a useful mathematical devive;

exp (im+§)

E C)\m,m, bj%gﬁ gi‘ﬂnm.('ﬁ)gkmlm.(é)'
Amima

If one multiplies Eq. (5) by g% .. m. (£) Grmerms:(#)
and integrates over all possible directions of # and
one obtains, from the orthonormality properties of
the g’s,

Jrs1(k8)
kg

(B1)

C)\m,m,

rr o .
= || e (= OFtmimErmma(®) % dQe.  (B2)

We now differentiate Eq. (B2) A times with respect
to k¢ and set k¢ = 0; obtaining

Camm = @00+ D@ [[ foos x cos %

X cos (¢, — &) -+ sin xsin g cos (¢ — &)
X G ims XB1002) Jarm ma (XB:2) A dQ, (B3)

where dQ is an element of hypersolid angle dQ =
% sin 2x dx d¢, dg. (0 < x < 37,0 < ¢y, 62 < 27).
Integration of (B3) yields
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Crmeme = (0 + D*@)™!

X

y=|mal

*-g' [[%(x — my + m)]! B+ my — m] B — mm)] B + my + m)]!]
BO— m — )] BO + m — 2] 36 ~— m)]! 3o + mo)]!

3 (A-ma1-m3)
X{ 2 (DR Om 4+ QTBO — m F ma) — JLBO— m = my) — W]l

x=0

XB[%()\—ml—2x+v+2),%(v+m,+2n——v+2)]}, B4

where B(r, s) is the beta function. It was found by
inserting various allowed values of A, m,, and m,
into (B4) that, in each case, Crm,m, Was independent
of m, and m, and equal to (27)*(?)*. Proof of this
in the general case has so far eluded the author,
however. Explicitly,

et = (2n)° ; Ok

X J*_”?éékg) S Frm®Dmm®d.  (B5)

mims

Note added in proof. Since submission of this paper
for publication, Dr. Edward Gerjuoy has pointed

out to the author that many years ago Sommerfeld
derived the Green’s function for a many-dimensional
space’® by a simpler method than that presented
here. As applied to many-particle scattering, it in-
volves a spacial partitioning which is different from
ours, i.e. Sommerfeld’s computation is carried out
in the space of one of the particles. In spite of its
more complicated form, the author, however, feels
that the method of computation presented in the
foregoing is somewhat preferable for our purposes,
particularly for the derivation of Eqgs. (25) and (26).

13 B, Gerjuoy, Ann. Phys. 5, 58 (1958); A. Sommerfeld,

Partial Differential Equations in Physics (Academic Press Inc.,
New York, 1949).




